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Abstract. This paper constructs an optimal asset allocation decision model for retirees based on the 
characterization of the CRRA utility function and health stock, and uses the Ramsey equation to 
obtain the optimal intertemporal asset allocation under steady-state conditions. Combining with the 
actual situation of Chinese retirees, the theoretical model is numerically simulated and analyzed. 
The results show that different health shock intensities lead to different asset allocation decisions. 
Based on the research results, this paper puts forward relevant suggestions on how to make optimal 
asset allocation decisions for retirees and how the government formulates social policies to cope 
with the aging society. 

Keywords: Health shock; retirees; utility function; asset allocation decision. 

1. Introduction 

The asset allocation decision of retirees mainly takes into account their own income and makes 

consumption and investment decisions according to the principle of utility maximization. After 

discovering that health status has an impact on retirees' investment decisions, domestic and foreign 

scholars have conducted in-depth research on its impact mechanism and path, and regard health 

impact as an important factor affecting asset allocation decisions. 

Asset decisions such as consumption and investment of retirees are affected by many factors. In 

terms of consumption, the author believes that urban retirees are still in the primary stage of meeting 

basic survival needs, and food expenditures and medical expenditures account for a large proportion 

of total expenditures [1]. Wang Shaohui believes that the consumption structure of urban and rural 

elderly groups in my country is similar, and they are all concentrated in clothing, housing, and medical 

care [2]. Yang Fan et al. believe that the consumption types of the elderly can be divided into three 

categories: basic type, medical type and development type. When the elderly face health shocks and 

generate demand for medical consumption, there is a possibility of transforming into a medical 

consumption structure [3]. Empirical research conducted by Rsoen H.S. found that health is an 

important determinant of portfolio allocation [4]. Using dynamic panel data to test causality. Michaud 

P.C. et al. confirmed that health has a clear impact on wealth domination of elderly couples [5]. Lei 

Xiaoyan used the Tobit model to study that the deterioration of health risk status will significantly 

reduce the proportion of risk assets held by urban residents [6]. Sui Lirui and others found through 

research that the elderly with poor health and many family interactions will increase investment in 

risk-free financial products [7]. In the research of the utility function of the consumption model, 

Dardanoni V. believes that there is uncertainty in the static consumption model, and greater 

uncertainty will lead to an increase in medical demand [8]. On this basis, Picone G. et al. obtained 

the impact mechanism of uncertainty in the dynamic framework on the increase of medical demand 

through the family production model [9]. 

In terms of the mechanism of health impact on retirees' asset decision-making, He Yangping and 

others believed that the proportion of non-healthy members of the family's self-assessment affects the 

risk preference of the head of the household, which in turn affects the proportion of risky financial 

assets investment [10]. Wu Weixing et al. believed that health status affects the proportion of 

households' investment in stocks and risk assets through risk preference and bequest motives, while 
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medical insurance only affects the proportion of risk assets held [11]. Fu Qiannan influences elderly 

households' financial asset portfolio decision through risk preference and the cross marginal utility of 

health and consumption [12]. With the objective of maximizing the objective function, through 

numerical simulation or dynamic programming, we will obtain the consumption and investment 

decision results that maximize the utility of retirees. There are significant differences in the 

investment risk preferences of different retirees, the degree of response to health expenditures and 

changes in consumption under health shocks. Becker G.S. et al. proposed that health can be regarded 

as a form of human capital [13]. 

Health shocks have a huge impact on the economic activities of families. The health status of the 

retired elderly deteriorates with age, and they face a higher probability of health shocks. Although 

social medical insurance in my country can alleviate the medical expenditure pressure of retired 

elderly to a certain extent, serious health shocks will consume a large amount of asset stock, change 

their future expectations, and then affect their assets in consumption, investment, health expenditure, 

etc. allocation decision. Therefore, this paper deeply studies the impact of health shocks on retirees' 

asset allocation decisions, and provides decision-making basis for retirees in large and medium-sized 

cities to formulate reasonable asset allocation plans to deal with health risks, improve the quality of 

retirement life, and reduce financial risks during retirement. 

2. Optimal asset allocation decision model for retirees 

This paper draws on the research results of [9] and selects the relative risk scale utility function 

(CRRA function) to describe its preference. The CRRA function considers the relative risk aversion 

coefficient to be a constant value, and the proportion of risky investment in asset wealth remains 

unchanged. In addition, it is assumed that the investor's consumption C and health stock H. From the 

Cobb-Douglas preference, the utility function is obtained in the form: 
 

𝑈𝑡(𝐶𝑡 , 𝐻𝑡) =
(𝐶𝑡

𝛾
𝐻𝑡

1−𝛾
)

1−𝜌
−1

1−𝜌
                            (1) 

 

where γ, ρ > 0  are given parameters, ρ  is the relative risk aversion coefficient. This paper 

sets γ=0.6. 

For the health status of retirees, set the health stock 𝐻𝑡  as a quantitative indicator, which is 

affected by the health expenditure 𝑀𝑡 and the health shock 𝜀𝑡, that is, the health stock in each period 

will increase with the increase of health expenditure, and with the health shock The initial health 

stock H when retirees retire is taken as a given value. Therefore, this paper sets the initial health stock 

of retirees when they retire 𝐻0 = 22. 

In this paper, referring to [14], the health investment income is setting 𝐿𝑡, and the uncertainty of 

health expenditure on the increase of health stock is described by the probability of health shock 

occurrence θ. The functional relationship between health stock and health expenditure is as follows: 
 

𝐻𝑡+1 = 𝐻𝑡(1 − 𝛿) + 𝜀𝑡 + 𝐿𝑡+1                          (2) 

 

𝐿𝑡+1 = 𝑀𝑡+1𝑒𝑥𝑝(𝑟ℎ,𝑡 + θ𝜀𝑡)                          (3) 
 

Among them, it is assumed that the health depreciation coefficient 𝛿 is related to the age of 

retirees and takes a value in (0,1), θis a constant and satisfies θ>0, and 𝑟ℎ,𝑡 is the health investment 

rate of return. 𝜀𝑡 is health shock. Health shock refers to the health impairment of retirees due to 

physical illness, accidental injury, physical disability, and life dysfunction, which will have a serious 

and lasting impact on the family's economic decision-making. 

Under the premise of given initial wealth level, health level and bequest willingness, retirees 

maximize their utility through asset allocation decisions of consumption, investment and health 

expenditure. The objective function has the following expression: 
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V = max𝐶𝑡,𝑀𝑡,𝐾𝑡
∑ 𝛽𝑈𝑡

∞
𝑡=0 (𝐶𝑡 , 𝐻𝑡)                        (4) 

 

Satisfying the intertemporal budget constraint is: 
 

𝑊𝑡 = 𝐶𝑡 + 𝑀𝑡 + 𝐾𝑡                              (5) 
 

𝑊𝑡+1 = 𝐾𝑡 + 𝐾𝑡
𝛼                               (6) 

 

𝐻𝑡+1 = 𝐻𝑡(1 − 𝛿) + 𝜀𝑡 + 𝐿𝑡+1                         (7) 
 

𝐿𝑡+1 = 𝑀𝑡+1𝑒𝑥𝑝(𝑟ℎ,𝑡 + θ𝜀𝑡)                          (8) 
 

𝐶𝑡 > 0, 𝑀𝑡 > 0, 𝑊𝑡+1 > 0, 𝐻𝑡+1 > 0 . where  β  is the time discount factor, assumed to be 

constant. 𝑊𝑡+1 is the total wealth of financial assets at the beginning of the t+1 period, by adding 

the total wealth of financial assets 𝐾𝑡 in the t period plus the current financial asset income 𝐾𝑡
𝛼, 𝑊0 

is the total amount of disposable assets of the retirees at the beginning of the retirement period. This 

paper uses the 2000-2020 China A-share market investment return to measure the return on risky 

assets, and the calculated value is 18.61%. Using the 2000-2020 Chinese market risk-free rate to 

measure the risk-free asset return, the calculated value is 2.33%. According to the 2018 data from the 

China Health and Retirement Tracking Survey (CHARLS), the proportion of retirees investing in 

risky assets is 6.23%, and the calculated investment return α=3.34%. 

3. Model solution 

This paper refers to the Ramsey model idea to solve the model, starting from the micro-foundation 

of retirees' intertemporal consumption and investment behavior, to determine steady-state savings. 

The total lifetime utility obtained by retirees at time t can be attributed to the current consumption 

and expenditure utility and the discounted value of the future utility generated by the current savings. 

Therefore, the problem of intertemporal utility maximization can be transformed into the following 

form: given 𝐾𝑡, choose the next period 𝐾𝑡+1 to maximize utility: 
 

V(𝐾𝑡) = 𝑚𝑎𝑥𝑀𝑡+1,𝐾𝑡+1
[𝛽𝑉(𝐾𝑡+1) + 𝑈𝑡+1(𝐶𝑡+1, 𝐻𝑡+1)]                (9) 

 

By transforming, we can get: 
 

V(𝐾𝑡) = 𝑚𝑎𝑥𝑀𝑡+1,𝐾𝑡+1
[𝛽𝑉(𝐾𝑡+1) +

(𝑆𝑃)1−𝜌−1

1−𝜌
]                  (10) 

 

S = (𝐾𝑡 + 𝐾𝑡
𝛼 − 𝑀𝑡+1 − 𝐾𝑡+1)𝛾                        (11) 

 

𝑃 = 𝐻𝑡(1 − 𝛿) + 𝜀𝑡 + 𝑀𝑡+1𝑒𝑥𝑝(𝑟ℎ,𝑡 + θ𝜀𝑡)
1−𝛾

                  (12) 
 

At this time, there are two decision variables 𝐾𝑡+1 and 𝑀𝑡+1 in the equation at the same time, 

and we only hope to solve the optimal result by determining 𝐾𝑡+1, so we will eliminate 𝑀𝑡+1 by 

analyzing the relationship between 𝐾𝑡+1 and 𝑀𝑡+1. 

By adjusting 𝑀𝑡+1 to maximize the following formula, the overall utility can be maximized: 
 

(𝑆𝑃)1−𝜌                                 (13) 
 

Differentiating 𝑀𝑡+1, so that it equals 0, the result is as follows: 
 

𝜕(𝐶𝑡+1
𝛾

𝐻𝑡+1
1−𝛾

)

𝜕(𝑀𝑡+1)
= −𝛾𝐶(𝑀𝑡+1)𝛾−1𝐻(𝑀𝑡+1)1−𝛾 + 𝐶(𝑀𝑡+1)𝛾(1 − 𝛾)𝐻(𝑀𝑡+1)−𝛾 = 0     (14) 
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Solving the above equation to get: 

𝐶(𝑀𝑡+1)

𝐻(𝑀𝑡+1)
=

𝛾

1−𝛾

𝛾

2−𝛾                               (15) 

Assuming x =
𝛾

1−𝛾

𝛾

2−𝛾, we have: 

 

x = [𝐻𝑡(1 − 𝛿) + 𝜀𝑡 + 𝑀𝑡+1𝑒𝑥𝑝(𝑟ℎ,𝑡 + θ𝜀𝑡)] = 𝐾𝑡 + 𝐾𝑡
𝛼 − 𝑀𝑡+1 − 𝐾𝑡+1        (16) 

 

In the optimal solution equation after solving by the above formula, the decision variable is only 

𝐾𝑡+1: 

𝐶𝑡
𝛾

𝐻𝑡
=1−𝛾

= 𝐻𝑡(1 − 𝛿) + 𝜀𝑡 + 𝐺                        (17) 

 

𝐺 =
𝑒𝑥𝑝(𝑟ℎ,𝑡+θ𝜀𝑡)[𝐾𝑡+𝐾𝑡

𝛼−𝐾𝑡+1−𝑥(𝐻𝑡(1−𝛿)+𝜀𝑡)]

𝑒𝑥𝑝(𝑟ℎ,𝑡+θ𝜀𝑡)+1
                    (18) 

 

Based on the above formula, numerical simulation analysis can be carried out by computer. At this 

time, it is necessary to determine the reasonable range of 𝐾𝑡, and use the steady-state conditions of 

the Ramsey model to solve the value of 𝐾𝑡 under steady-state conditions.  

Assuming F(𝐾𝑡 , 𝐾𝑡+1) = 𝐶𝑡
𝛾

𝐻𝑡
=1−𝛾

, After processing, the objective function becomes: 

 

V(𝐾𝑡) = 𝑚𝑎𝑥𝐾𝑡+1
[𝛽𝑉(𝐾𝑡+1) +

F(𝐾𝑡,𝐾𝑡+1)1−𝜌−1

1−𝜌
]                 (19) 

 

Differentiate 𝐾𝑡+1 so that the result of the derivation is 0, we can get: 
 

𝑉′(𝐾𝑡+1) =
1

𝛽
∙ [F(𝐾𝑡 , 𝐾𝑡+1)]−𝜌 ∙ 𝑥𝛾 ∙

𝑒𝑥𝑝(𝑟ℎ+𝜃𝜀)

𝑒𝑥𝑝(𝑟ℎ+𝜃𝜀)+1
                (20) 

Further, we have: 

𝑉′(𝐾𝑡) = [F(𝐾𝑡 , 𝐾𝑡+1)]−𝜌 ∙ 𝑥𝛾 ∙
𝑒𝑥𝑝(𝑟ℎ+𝜃𝜀)(𝛼∙𝐾𝑡

𝛼−1+1)

𝑒𝑥𝑝(𝑟ℎ+𝜃𝜀)+1
               (21) 

 

𝑉′(𝐾𝑡+1) = [F(𝐾𝑡+1, 2)]−𝜌 ∙ 𝑥𝛾 ∙
𝑒𝑥𝑝(𝑟ℎ+𝜃𝜀)(𝛼∙𝐾𝑡

𝛼−1+1)

𝑒𝑥𝑝(𝑟ℎ+𝜃𝜀)+1
              (22) 

 

When K tends to steady state, 𝐾𝑡 = 𝐾𝑡+1 = 𝐾𝑡+2, we have: 
 

𝐾𝑡 = 𝐾𝑡+1 =
1−𝛽

1
𝛼−1

𝛼𝛽
                            (23) 

4. Numerical simulation analysis 

By solving the optimal asset decision-making model for retirees' investment and consumption, this 

paper finds the impact of health shocks on retirees' asset allocation decisions. Next, MATLAB 

software is used to further verify the results of the model. 

Under the optimal solution of the model based on the premise of maximizing the effect, the various 

expenditures in different time periods obtained by the model simulation in this paper, as shown in 

Figure 1, the various expenditures of retirees are in order of savings investment, consumption 

expenditure, Healthy investment, which is in line with the current social phenomenon and national 

conditions of the high savings rate of retirees in China. 
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Figure 1. Simulation of the evolution of various expenditures over time under four health shocks 

 

As shown in Figures 2 and 3, as the degree of health shocks suffered by retirees increases, the rate 

of decline in total assets also increases gradually, and the time point for reaching the termination 

steady state situation gradually advances. In the steady state, the number of total assets held by retirees 

also decreases with the magnitude of the health shock, which is consistent with the idea that retirees 

with major illnesses should increase their savings. 
 

    

    
Figure 2. Simulation of the evolution of total assets over time under four health shocks 
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Figure 3. Simulation of health stock evolution over time under four health shocks 

 

By assigning different values of savings investment yields and solving the model multiple times, 

we can obtain the changing trends of the optimal proportions of consumption expenditure, health 

investment, and savings investment. As shown in Figure 4, under the condition that other factors 

remain unchanged and optimized, as the rate of return on savings investment increases, the proportion 

of consumption expenditure shows a trend of slowly decreasing. The proportion of healthy investment 

showed a trend of rising first and then decreasing, and the overall change was small, and the 

proportion of savings investment had a positive relationship with the rate of return on savings 

investment. 

 
Figure 4. Simulation of the impact of savings investment yield on optimal asset allocation 
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By assigning different assignments to the health stock and solving the model multiple times, the 

changing trends of the optimal proportions of consumption expenditure, health investment, and 

savings investment can be obtained. As shown in Figure 5, under the condition that other factors 

remain unchanged and optimized, the proportion of savings investment has nothing to do with the 

expected remaining life; the proportion of consumption expenditure has a positive relationship with 

the expected remaining life, the proportion of health investment is related to the expected remaining 

life shows an inverse relationship. When retirees suffer from health shocks, the health stock of retirees, 

that is, the expected remaining life expectancy, decreases, the proportion of consumption expenditure 

decreases, and the proportion of health investment increases. 

 

 
Figure 5. Simulation of the impact of healthy stock on optimal asset allocation 

 

By solving the model multiple times for different assignments of the rate of return on health 

investment, the changing trend of the optimal proportions of consumption expenditure, health 

investment and savings investment can be obtained. As shown in Figure 6, under the condition that 

other factors remain unchanged and optimized, the proportion of consumption expenditure has 

nothing to do with the rate of return on healthy investment, the proportion of savings investment and 

the rate of return on healthy investment show a positive relationship, the proportion of healthy 

investment and health shows an inverse relationship. 

 

 
Figure 6. Simulation of the impact of healthy investment returns on optimal asset allocation 
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5. Conclusion 

This paper selects the relative risk scale utility function and the health stock function, and sets the 

objective function that satisfies the constraints of the budget condition. Referring to the Ramsey 

model, the model is solved, and the intertemporal optimal allocation of assets is studied. Further 

through numerical simulation analysis, the impact of health shock on retirees' asset allocation decision 

was studied, and the changing trend of the optimal proportion of consumption expenditure, health 

investment and savings investment was obtained: Health shock affects retiree's asset allocation 

decision through health investment expenditure, retirees' consumption expenditure and health 

expenditure show opposite trends with age, and asset decisions are adjusted with changes in health 

and savings investment returns. 
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