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Abstract 
The discovery of Higher-order topological insulators (HTIs) opens new opportunities for 
the advancement of condensed matter physics and material science topological 
insulators are a new class of special topological insulators that have been discovered in 
many classical wave systems in recent years. In this paper, acoustic Dirac degeneracy is 
achieved by simply rotating scatterers in acoustic crystals, with degeneracy induced 
accidentally. It provides a new approach for creating higher-order topological insulators 
in acoustic systems. We observe two kinds of structures and get the gapped one-
dimensional (1D) edge states and the gapped zero-dimensional (0D) corner states. At the 
same time, the edge state is further observed along the interface with two different 
topological phononic crystals. The topological corner states in this paper enrich the 
study of higher-order topological insulators and have edge states, which provide a new 
platform for acoustic systems' transmission properties. 
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1. Introduction 

Dirac point is a nodal point degeneracy where linear dispersion meets in a two-dimensional band 
structure [1-3]. Dirac points correspond to massless relativistic particles based on the Dirac equation 
and can be observed in monolayer graphene. According to the "k·p perturbation theory", the 
generation of Dirac cones can be deterministic [4] or accidental [5,6]. Deterministic degeneracy is 
generated by high symmetry and accidental degeneracy results from adjusting the phononic crystal's 
filling rate or material parameters. The Dirac point is the key to the topological phase transition, and 
the investigation of topological insulators is developed. 

The topological invariants of topological insulators are protected by spatial symmetry, which can be 
divided into traditional topological insulators and higher-order topological insulators. Traditional 
topological insulators are also called first-order topological insulators, they have bulk states and edge 
states, and the dimension of edge states is lower than bulk states. In higher-order topological 
insulators, the second-order and third-order topological insulators are mainly [7-12]. The two-
dimensional (2D) second-order topological insulator is a typical one in higher-order insulator. In a 
2D system, compared with traditional topological insulators, the 2D second-order insulator has a zero-
dimensional (0D) corner state protected by topology, while the latter does not. Higher-order 
topological insulators have different bulk-edge correspondences, and such bulk-edge 
correspondences allow edge states to exist variously. Nowadays, higher-order topological insulators 
are realized in various classical wave systems, such as optical and acoustic [13-21]. 
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In previous studies, accidental degeneracy with double [22], triple [23-26], and quadruple [6,27-29] 
are realized in 2D classical wave systems, by fine-tuning the filling ratio or material parameters of 
isotropic scatterers. With the accidental degeneracy, topologically protected edge states have been 
developed [29,30,31], and some of them have been used for wavefront shaping and cloaking [23-
25,32]. However, Dirac degeneracy is deterministic in higher-order topological insulator systems, 
and the accidental degeneracy connected with topological higher-order insulators has not been studied 
yet.  

In this paper, we theoretically design valley-controlled edge transport and higher-order topological 
corner states in phononic crystals by exploring accidental Dirac degeneracy, higher-order topology, 
and valley degrees of freedom (d.o.f).  We achieve accidental Dirac degeneracy by rotating 
anisotropic scatterers in a honeycomb phononic cell. The designed phononic crystal with topological 
edge states verifies topological valley transport. Additionally, the interaction between higher-order 
topology and valley d.o.f. in 2D phononic crystals enables selective higher-order topological corner 
states. The valley d.o.f., akin to spin in spintronics, serves as a new information carrier in valleytronics, 
representing degenerate energy extrema in momentum space [33-37]. This has led to phenomena such 
as the quantum valley Hall effect and valley filters. [37]. The valley Hall effect allows valley-locked 
chiral edge states to counter-propagate at domain walls, restraining inter-valley scattering [33]. 
Finally, we observe strong acoustic transmission along the interface of topologically different 
acoustic valley Hall insulators, even around structural defects. The proposed phononic crystal shows 
great potential for use in acoustic transmission devices with arbitrary paths and underwater acoustic 
sensing. 

2. Acoustic Model 

 
Fig. 1 (a) Acoustic honeycomb structure, the red area represents a cell. A honeycomb phononic 

crystal composed of three moon-shaped steel scatters indicated by grey, rubber cylinders indicated 
by black, and water by white.  aଵሬሬሬ⃗  and aଶሬሬሬሬ⃗  denote the lattice vectors. (b) The enlarged structure of 
the unit cell.  Inset: The moon-shaped scatterer is obtained by subtracting the black cylinder from 

the grey one. (c) First Brillouin zone of hexagonal lattice with marked high-symmetry points, which 
shares the same area with that of rhombic lattice in calculations. 

 

As shown in Fig. 1(a), Our study begins with a two-dimensional acoustic system composed of a 
hexagonal array of scatterers.  Fig. 1(b) shows an enlarged view of a cell (highlighted in red in Fig. 
1(a)). Each scatterer consists of a central cylinder surrounded by three moon-shaped columns in water. 
The lattice constant 𝑎 = 4.0 cm, and the black cylinder has a radius 𝑟 = 0.1 ∗ 𝑎. The grey moon-
shaped scatterer is formed by subtracting a cylinder of radius 𝑟 (black) from another cylinder of 
radius 𝑟 (grey), with the distance between their centers being 𝑏 = 0.11 ∗ 𝑎. The distance between 
the lattice center and the grey moon-shaped scatterer center is 𝑑 = 0.333 ∗ 𝑎. By rotating the three 
moon-shaped scatterers around the black cylinder's center, characterized by the rotation angle 𝜃. The 
lattice has a 𝐶ଷ  symmetry at 𝜃 = 0° .  Changing 𝜃 , alters the energy band gap and physical 
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properties of the acoustic honeycomb structure, leading to a topological phase transition. Fig. 1(c) 
shows the first Brillouin zone of a unit cell. Here are the acoustic parameters of the material: the 
density of soft rubber (respecting black cylinder at the center of the cell) 𝜌ଵ = 1000 𝑘𝑔/𝑚ଷ, and 
sound velocity 𝑐ଵ  = 489.9𝑚/𝑠; the density of steel ( respecting grey moon-shaped scatterers )𝜌ଶ =
8000𝑘𝑔/𝑚ଷ, sound velocity 𝑐ଶ = 5000𝑚/𝑠; For water, 𝜌ଷ = 1000 𝑘𝑔/𝑚ଷ, 𝑐ଷ = 1482.9 𝑚/𝑠. 
Fig. 1(c) also shows the first Brillouin zone of the hexagonal lattice, which is equivalent to that of the 
rhombus. 

3. Topological Phase Transitions 

In this paper, we explore the quantum Valley Hall effect in a honeycomb structure, where rotating 
scatterers in the cell control the band gap. Fig. 2 shows the dispersion and pressure field profiles of 
the two eigenstates at the K point with different rotation angles 𝜃. The dispersion of the phononic 
crystal is illustrated for rotation angles at 𝜃 = 24.9°, −4.57° and −34.2°, as shown in Figs. 2(a)-
(c). When 𝜃 = −34.2°, a bandwidth of about 2.2 kHz is obtained in Fig. 2(a). As shown in Fig. 2(b), 
a twofold Dirac degeneracy forms at points K (K') in the Brillouin zone, closing the band gap when 
the rotation Angle is 𝜃 = −4.57°. As the scatterers continue to rotate clockwise, the band gap 
reopens in Fig. 2(c).  

 

 
Fig. 2 (a)-(c) Acoustic band structure for phononic cell with 𝜃 = −34.2°,−4.57° and 24.9° (inset 
in (b) shows the cell at 𝜃 = −4.57°). (d) The sound pressure profiles (and the arrows respecting the 
Poynting vectors) of the eigenstates at the first two valley states in K point, with 𝜃 = −34.2°(left) 

and 𝜃 = 24.9°(right). It shows opposite vortex chirality and witnesses a topological phase 
transition. (e) The frequencies diagram of phononic cells in the two valleys at K point, with 

different values of 𝜃. The frequencies of q and p states respect red and blue dotted curves, and the 
eigenstates exhibited in (d) are also signed in (e). 

 

The pressure field profiles of the two eigenstates at the K point are shown in Fig. 2(d).  Green and 
black arrows and dots denote different chirality and vortex centers, with arrows indicating the 
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Poynting vectors (energy flow direction). If + and - are used to represent the counterclockwise and 
clockwise rotation directions of the vortex and 𝑝 and 𝑞 are used to mark the high symmetric points 
(also referred to as the Wyckoff positions), it can be observed that the 𝑝ଵ(𝑝ଶ) and 𝑞ଵ(𝑞ଶ) have 
opposite vortices. The frequency order of the 𝑝 and 𝑞 states is reversed, indicating the typical band 
inversion associated with topological phase transitions. When the transition angles 𝜃 = −4.57° are 
crossed, the band inversion is characteristic of topological valley Hall phase transition. Fig. 2(e) 
shows the corresponding frequencies of the second and third bands of the phononic crystal at point 
K, which continuously evolve with the rotation angle 𝜃. Since phononic crystals are symmetric 𝐶ଷ, 
we show a periodicity of 120° for the diagram. The band frequencies are the same at −4.57° and 
55.42°, suggesting a valley Hall phase transition due to bandgap closure related to accidental Dirac 
degeneracy. These transition angles separate two different angular regions, I and II. 

4. Topological Edge States of Supercells 

 
Fig. 3 (a) The projected band structure of the supercell, with dispersions of the edge states (blue and 
red dots) and bulk states (black dots) constructed by two structures. (b) The pressure and intensity 
field of the edge states are denoted, respectively, by the rhombic and triangle in red dots as shown 

in (a). (c) The pressure and intensity field of the edge states are denoted, respectively, by the 
rhombic and triangle in blue dots as shown in (a). 

 

The formation of edge states arises from the topological valley numbers of different structures on 
either side of the boundary, with phononic crystals exhibiting distinct valley Hall phases. By 
combining two phononic crystals with opposite topological phases, we can observe the projected 
band structure of an A-B supercell, composed of 10 phononic crystals each from regions I and II. Fig. 
3 shows this structure, with Floquet periodic boundary conditions along the y-axis and hard sound 
boundaries on the x-axis. For simplicity, hexagonal cells are replaced with rhombic cells. In Fig. 3(a), 
the projected band structure along the x-axis is calculated, with the wave vector k on the abscissa and 
frequency on the ordinate. Black dots indicate bulk states, while red and blue dots represent edge 
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states from the K and K' valleys, respectively. The topological band gap ranges from 21.3 kHz to 24.0 
kHz, with opposite group velocities for the two interfaces. States ϕ୅୆

±  and ϕ୆୅
± , related to valley-

dependent topological edge states, corresponding to the A-B and B-A interfaces. "+" denotes forward-
traveling edge states, while "-" indicates backward-traveling ones. Figs. 3(b)-(c) show that the 
pressure and intensity fields of the edge states are localized at the interface and decay on both sides 
of the supercell, exhibiting valley pseudospin up and down.  

5. Valley-controlled Edge Transport 

Valley-controlled edge transport leverages the anti-reflection and robust transport advantages of 
topological edge states. To observe and verify these properties, we designed two topological acoustic 
Valley Hall insulators, each sized 20a*20a, as shown in Figs. 4(a)-(b). A point source (red star) is 
placed on the left side of the junction, with orange and blue parts representing A and B, respectively. 
The valley-controlled edge propagation of the acoustic wave is illustrated in Figs. 4(c)-(d). When 
phononic crystals A and B with different Valley Hall phases are arranged as in Fig. 4(a), the insulator 
supports straight-wave transmission. When A and B form a Z-shaped structure, the acoustic wave 
flows around corners without reflection. 

Fig. 4(d) shows the band gap in the transmittance spectrum for three simulation cases. The black solid 
line represents the linear transmission path of A-B topological insulators, while the red dotted line 
represents the Z-type transmission path. The figure demonstrates that the Z-type waveguide 
transmission efficiency matches well with the linear waveguide transmission efficiency. In contrast, 
traditional band-gap waveguides with acoustic topological insulators suffer from severe 
backscattering at sharp bends, significantly reducing transmission efficiency. This verifies the anti-
reflection property of valley spin edge propagation. 

 

 
Fig. 4 Valley-controlled edge transport of A-B type interface. (a) and (b) are schematic of the 

straight and Z-shape transmission. (c) and (d) are the acoustic pressure field distributions at 22107 
Hz and 22720 Hz. 

6. Topological Corner States in Triangular Structures 

A 2D higher-order topological insulator, based on the principle of bulk-edge correspondence, has 
topology-protected corner states at the edges and corners of a finite structure. However, not all higher-
order topological insulators exhibit protected corner states. To study the valley-locking property in 
our higher-order topological insulator, we designed a triangular structure with 105 cells and a hard 
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boundary, as shown in Fig. 5(a). The eigenspectra of this structure, shown in Fig. 5(b), reveal corner 
states (blue) and edge states (red). Figs. 5(d)-(f) display the bulk state (21499  Hz), edge state (21608 
Hz), and corner state (21470 Hz), respectively. When the structure with 𝜃 = −34.2°, no corner state 
appears in the eigenspectra, demonstrating the valley selectivity of the corner state, as shown in Fig. 
5(c). 

 

 
Fig. 5 (a) Triangle honeycomb structure. (b) and (c) are the eigenspectra of the topological and 

trivial triangle structure; the grey, red, and blue dots correspond to the bulk, edge, and corner state, 
separately. (d)-(f) The eigenfields distribution of bulk, edge, and corner state at 21499,21608 and 

21470 Hz. 

7. Topology of Rhombus Structure  

 
Fig. 6 (a) The eigenspectra of rhombus honeycomb structure at 𝜃 = 24.6°. (b) The eigenfield 

distribution of corner state. (c)-(d) The eigenspectra and eigen field distribution of corner state in 
rhombus structure with introduced defects. (e)-(h) The eigenspectra and eigen field distribution of 

corner state in rhombus structure at 𝜃 = −34.2°, and that with introduced defects. 

 

We designed a rhombus structure with 10*10 cells, with a hard boundary. When 𝜃 = −34.2°, Figs. 
6(a)-(b) show the eigenfield distribution and eigenspectra. Similarly, Figs. 6(e)-(f) show these at 𝜃 =
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24.6°. Both structures exhibit corner states at 21472 Hz, though the corner state appears in different 
positions for different 𝜃. Adding defects by hollowing out three cells (replacing cell material with 
water in the simulation), as shown in Figs. 6(e)-(g), does not change the corner state or its frequency. 
This demonstrates the robustness of the rhombus structure at 𝜃 = −34.2° and 24.6°. 

8. Conclusion 

In this paper, we designed a honeycomb structure capable of opening and closing band gaps. By 
rotating the crystal's scatterers around the center, we achieved band gap reversal, leading to a 
topological phase transition. When phononic crystals with different acoustic valley Hall phases are 
connected, sound field energy localizes at the interface, resulting in edge states. Triangular and 
rhombus structures yield corner states, which are topologically protected, robust, and related to the 
rotation angle. This structure has potential applications in filtering and rectifying acoustic signals in 
water. 
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