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Abstract	
In	recent	years,	cross‐border	e‐commerce	is	booming.	In	the	cross‐border	e‐commerce	
model	B2C	 (Business	 to	Customer),	 the	 transaction	 subject	 is	 the	enterprise	and	 the	
consumer,	due	to	its	characteristics	of	small	batch,	multi‐batch,	facing	many	customers	
and	order	dispersion,	the	enterprise	needs	to	plan	the	future	experience	strategy	based	
on	the	sales,	and	the	prediction	of	sales	becomes	more	and	more	important.	In	order	to	
meet	 the	enterprise's	demand	 for	sales	 forecasting,	 this	paper	establishes	a	Gaussian	
process	regression	model,	and	selects	Squared	Exponential	Kernel,	Rational	Quadeatic	
Kernel	 and	Matern	 Kernel	 to	 construct	 a	 combined	 kernel	 function	 for	 forecasting.	
Comparing	the	prediction	results	with	other	models,	it	is	found	that	the	Gaussian	process	
regression	model	using	the	combined	kernel	function	has	better	prediction	effect	than	
other	models,	and	the	prediction	results	can	help	cross‐border	e‐commerce	enterprises	
to	make	decisions.	
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1. Introduction	

Cross-border e-commerce refers to the transaction subject belonging to different national 
boundaries or regions, through the Internet platform for transactions and payment and 
settlement, and through the cross-border logistics to deliver the goods, complete the 
transaction of a kind of international commercial activities, which is widely recognized by the 
society as a kind of electronic data exchange and online transactions as the main content of the 
business model. With the rapid development of economic globalization and e-commerce, cross-
border e-commerce is developing rapidly and has become one of the main ways of international 
trade [1]. The mainstream cross-border e-commerce model of B2C (Business to Customer) is 
the main body of the transaction between the enterprise and the consumer [2], and its 
transaction is characterized by small batch, multi-batch, facing many customers and scattered 
orders. Enterprises need to formulate sales strategies based on the sales volume of goods, such 
as determining the amount of advertising and the amount of goods to be purchased. Therefore, 
predicting the sales volume of cross-border e-commerce enterprises can help enterprises 
formulate correct sales strategies, which can help them develop better. 
Sales volume belongs to time series data, and there are many models that can forecast this kind 
of data, such as the ARMA model, support vector machine, random forest, etc. However, in 
practice, using these models will encounter some difficulties. However, in practice, the use of 
these models for forecasting will encounter some difficulties. the ARMA model requires time 
series data to meet the assumption of smoothness, and the data need to be smoothed [3][4], but 
the sales volume is affected by a variety of factors, and it is sometimes difficult to be smoothed. 
And the prediction results of support vector machine [5][6] will change with the change of 
kernel function. And Random Forest [7] has the problem of overfitting. 
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Gaussian Process Regression (GPR) is a Bayesian nonparametric regression method widely 
used for regression problems in machine learning, especially when the model complexity is 
high or there are no explicit assumptions about the distribution of the data. Its core idea is to 
use Gaussian Process (GP) to describe the data generation process in a regression problem, and 
thus to predict unobserved data [8]. Gaussian Process can effectively model nonlinear 
relationships in time series data. And Gaussian process regression does not assume a specific 
model of the data; it flexibly captures the underlying structure of the data through the kernel 
function. For small amounts of data, Gaussian process can provide more accurate predictions 
than other methods. 

2. Gaussian	Process	Regression	

2.1. Forecast	
A Gaussian process is a collection of any finite number of random variables all having a joint 
Gaussian distribution, the properties of which are completely determined by the mean and 
covariance functions, i.e: 

 

ቊ
𝑚ሺ𝑥ሻ ൌ 𝐸ሾ𝑓ሺ𝑥ሻሿ,

𝑘ሺ𝑥, 𝑥ᇱሻ ൌ 𝐸ൣ൫𝑓ሺ𝑥ሻ െ 𝑚ሺ𝑥ሻ൯൫𝑓ሺ𝑥ᇱሻ െ 𝑚ሺ𝑥ᇱሻ൯൧,
ሺ1ሻ 

 
where, 𝑥, 𝑥′ ∈ 𝑅ௗ are arbitrary random variables, so the Gaussian process can be defined as: 

 
𝑓ሺ𝑥ሻ~𝐺𝑃൫𝑚ሺ𝑥ሻ, 𝑘ሺ𝑥, 𝑥ᇱሻ൯. ሺ2ሻ 

 
In order to keep the notation concise, the mean function is usually made equal to 0. The 
Gaussian process regression model is built by taking the noise content into account in the 
observation 𝑦, i.e. 

 
𝑦 ൌ 𝑓ሺ𝑥ሻ ൅ 𝜀. ሺ3ሻ 

 
where, 𝑥 is the input vector and 𝜀 is an independent Gaussian white noise, denoted 𝜀~𝑁ሺ0, 𝜎௡

ଶሻ. 
Since both 𝜀 and 𝑓ሺ𝑥ሻ follow a Gaussian distribution, the prior distribution of the observations 
is: 

 
𝑦~𝑁ሺ0, 𝐾ሺ𝑥, 𝑥ᇱሻ ൅ 𝜎௡

ଶ𝐼௡ሻ, ሺ4ሻ 
 

and the joint prior distribution of observations 𝑦 and predicted values 𝑓∗ is 
 

ቂ
𝑦
𝑓∗

ቃ ~𝑁 ൬0, ൤
𝐾ሺ𝑋, 𝑋ሻ ൅ 𝜎௡

ଶ𝐼௡ 𝐾ሺ𝑋, 𝑥∗ሻ
𝐾ሺ𝑥∗, 𝑋ሻ 𝑘ሺ𝑥∗, 𝑥∗ሻ

൨൰ . ሺ5ሻ 

 
where, 𝐾ሺ𝑋, 𝑋ሻ ൌ 𝐾௡ ൌ 𝑘௜௝ is a symmetric positive definite covariance matrix of order 𝑛 ൈ 𝑛; 
The matrix element 𝑘௜௝ ൌ 𝑘൫𝑥௜, 𝑥௝൯represents the correlation between 𝑥௜  and 𝑥௝ ; 𝐾ሺ𝑋, 𝑥∗ሻ ൌ
𝐾ሺ𝑥∗, 𝑋ሻ்is the covariance matrix between the test point 𝑥∗ and the input 𝑋 of the training set; 
𝑘ሺ𝑥∗, 𝑥∗ሻ is the covariance of the test point 𝑥∗ itself; 𝐼௡is an n-dimensional unit matrix. This gives 
the posterior distribution of the predicted value 𝑓∗ as 
 

𝑓∗|𝑋, 𝑦, 𝑥∗~𝑁 ቀ𝑓∗
ഥ, 𝑐𝑜𝑣ሺ𝑓∗ሻቁ . ሺ6ሻ 
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Where 
 

𝑓∗
ഥ ൌ 𝐾ሺ𝑥∗, 𝑋ሻሾ𝐾ሺ𝑋, 𝑋ሻ ൅ 𝜎௡

ଶ𝐼௡ሿିଵ𝑦, ሺ7ሻ 
 

𝑐𝑜𝑣ሺ𝑓∗ሻ ൌ  𝑘ሺ𝑥∗, 𝑥∗ሻ െ 𝐾ሺ𝑥∗, 𝑋ሻሾ𝐾ሺ𝑋, 𝑋ሻ ൅ 𝜎௡
ଶ𝐼௡ሿିଵ𝐾ሺ𝑋, 𝑥∗ሻ. ሺ8ሻ 

 
Generally, 𝑓∗

ഥ is taken as the predicted value of 𝑓∗ and 𝑐𝑜𝑣ሺ𝑓∗ሻ is the variance of the predicted 
value. 

2.2. Training	
Gaussian process regression models have many kernel functions to choose from, and in order 
to accomplish the task of prediction, it is often necessary to estimate the hyperparameters of 
the kernel function using the observations. Let the set of parameters 𝜃 be hyperparameters, 
then the negative log−likelihood function and its partial derivatives with respect to the 
hyperparameters 𝜃 take the following form 

 

𝐿ሺ𝜃ሻ ൌ
1
2

𝑦்𝐶ିଵ𝑦 ൅
1
2

log|𝐶| ൅
𝑛
2

log 2𝜋 , ሺ9ሻ 

 
𝜕𝐿ሺ𝜃ሻ

𝜕𝜃௜
ൌ

1
2

𝑡𝑟 ൭ሺ𝛼𝛼் െ 𝐶ିଵሻ
𝜕𝐶
𝜕𝜃௜

൱ , ሺ10ሻ 

 
where 𝐶 ൌ 𝐾௡ ൅ 𝜎௡

ଶ𝐼௡,𝛼 ൌ 𝐶ିଵ𝑦. 
The partial derivatives are then minimized using optimization methods such as co-choked 
gradient method and Newton's method to obtain the optimal solution for the hyperparameters. 
After obtaining the optimal solution, the predicted values and their variances can be obtained 
using equations (7) and (8). 

3. Covariance	Functions	

3.1. Covariance	function	selection	
In Gaussian process regression, the kernel function is a key component that determines the 
relationship between data points. Choosing the appropriate kernel function is crucial in 
Gaussian process regression, and different kernel functions can lead to very different model fits 
to the data. With a reasonable kernel function design, Gaussian process regression can not only 
obtain an accurate prediction of the data, but also provide an estimate of the prediction 
uncertainty. In this paper, the following three single covariance functions are used [9]. 
(1). Squared Exponential Kernel(SE) 

 

𝐾ௌா൫𝑥௜, 𝑥௝൯ ൌ 𝜎௙
ଶ𝑒𝑥𝑝 ൤െ

1
2

൫𝑥௜ െ 𝑥௝൯
்

𝑀൫𝑥௜ െ 𝑥௝൯൨ ൅ 𝜎௡
ଶ𝛿௜௝. ሺ11ሻ 

 
(2). Rational Quadeatic Kernel(RQ) 

𝐾ோொ൫𝑥௜, 𝑥௝൯ ൌ 𝜎௙
ଶ ൥1 ൅

൫𝑥௜ െ 𝑥௝൯
்

𝑀൫𝑥௜ െ 𝑥௝൯
2𝛼

൩

ିఈ

. ሺ12ሻ 

 
(3). Matern Kernel 
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𝐾ெ൫𝑥௜, 𝑥௝൯ ൌ 𝜎௙
ଶ ቂ1 ൅ √3𝑀൫𝑥௜ െ 𝑥௝൯𝑒𝑥𝑝 ቀ√3𝑀൫𝑥௜ െ 𝑥௝൯ቁቃ . ሺ13ሻ 

 
where 𝜃 ൌ ൛𝑀, 𝜎௙

ଶ, 𝜎௡
ଶൟ is the parameter vector containing all hyperparameters; 𝑀 ൌ 𝑑𝑖𝑎𝑔ሺ𝑙ଶሻ 

is the symmetric matrix of the hyperparameters;𝑙 is the correlation measure hyperparameter; 
𝜎௙

ଶ is the signal variance of the kernel function; 𝛿௜௝ is Kronecker function; 𝜎௡ is the variance of 
the noise; 𝛼 is the shape parameter of the kernel function. 

3.2. Covariance	function	Combinations	
Kernel function combination refers to obtaining a new composite kernel function by weighted 
combination of multiple kernel functions, adding them together, or by some kind of operation. 
The main purpose of kernel function combination is to utilize the characteristics of different 
kernel functions to enhance the expressive ability of the model. Therefore, in this paper, we will 
use Squared Exponential Kernel, Rational Quadeatic Kernel and Matern Kernel to construct the 
combined kernel function, i.e. 

 

𝐾஼ሺ𝑥, 𝑥ᇱሻ ൌ ෍ 𝐾௜ሺ𝑥, 𝑥ᇱሻ
௡

௜

, ሺ14ሻ 

 
Consider the four cases of adding two kernel functions and adding three kernel functions 
respectively, so as to obtain a composite kernel function containing multiple characteristics and 
improve the prediction accuracy. 

4. Application	

The data used in this paper is the daily sales of a cross-border e-commerce company from 
March 1, 2024 to June 28, 2024, with a data volume of 120, taking the first 80 days of data as 
the training set and the last 40 days of data as the test set. 

 

 
Figure 1. Cross border e-commerce sales time series. 
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Choosing the appropriate evaluation metrics can ensure that we comprehensively and 
accurately assess the performance of the model, in this paper, we choose Root Mean Square 
Error ሺRMSEሻ to test the prediction results. RMSE is an important metric to assess the accuracy 
of regression models, which is measured by calculating the square root of the prediction error 
of the model. RMSE provides a simple and effective way to measure and compare the 
performance of different models, which is calculated as follows: 

 

𝜎ோெௌா ൌ ඩ
1
𝑁

෍൫𝑦തሺ𝑖ሻ െ 𝑦ሺ𝑖ሻ൯
ଶ

ே

௜ୀଵ

, ሺ15ሻ 

 
where 𝑁 is the number of samples in the test set, 𝑦തሺ𝑖ሻ is the predicted value, and 𝑦ሺ𝑖ሻ is the 
observed value. 
 

Table 1. Forecasting error analysis. 
 GPR    

 SE൅RQ൅ 
Matern SE൅RQ SE൅ 

Matern RQ൅Matern SVR DTR RFR 

𝜎ோெௌா 125.11 142.44 329.10 144.95 313.36 167.58 147.61 
 

The RMSEs of the different models are given in Table I. It can be seen that for Gaussian process 
regression, the RMSE of the kernel combination obtained by adding the three kernel functions 
Squared Exponential Kernel, Rational Quadeatic Kernel and Matern Kernel is the smallest at 
125.11. This indicates that its prediction effect is the best. The prediction effect of 
𝐾ୗ୉ାୖ୕ା ୑ୟ୲ୣ୰୬ is shown in Fig. 2, which shows that the predicted value and the observed value 
can match well. Therefore the predicted value can be used as a reference for cross-border e-
commerce enterprises to make decisions. 

 

 
Figure 2. Prediction effect of SE൅RQ൅ Matern. 

 



International	Journal	of	Social	Science	and	Education	Research																																																														Volume	8	Issue	2,	2025	

ISSN:	2637‐6067																																																																																																																										DOI:	10.6918/IJOSSER.202502_8(2).0034	

271 

Meanwhile, this paper compares the prediction results of Gaussian process regression model 
with Support Vector Machine Regression ሺSVRሻ, Decision Tree Regression ሺDTRሻ and Random 
Forest Regression ሺRFRሻ. The results show that when the Gaussian process regression model 
employs a combination of two kernel functions, there is no significant difference in the 
prediction results with the other models. However, when the Gaussian process uses a 
combination of three kernel functions, the prediction results are significantly better than the 
other models. 

5. Conclusions	

The Gaussian process regression model has excellent performance in the prediction of cross-
border e-commerce enterprise sales, which can meet the needs of enterprises as a reference for 
decision-making. It can provide a positive impact on the development of enterprises. The 
prediction performance of Gaussian Process Regression based on combined kernel function is 
stronger than Support Vector Machine Regression, Decision Tree Regression and Random 
Forest Regression. 
The Gaussian process regression model can provide not only the prediction value but also the 
variance of the prediction value, which can help in the practical application of cross-border e-
commerce. In the next step of our research we will explore the form of kernel function 
combinations of Gaussian process regression models and the effect of different combinations 
on the prediction performance. 
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