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Abstract	
This	paper	 investigates	a	game	model	known	as	the	dual‐star	system,	a	type	of	multi‐
agent	system.	The	study	examines	two‐level	games	within	such	systems,	where	the	first	
level	represents	external	 interactions	and	the	second	 level	 involves	 internal	strategic	
decisions.	We	propose	a	method	 for	distributing	benefits	 to	agents	 in	both	 levels.	By	
constructing	 characteristic	 functions	 for	 the	 dual‐star	 model,	 we	 establish	 Shapley	
values	as	the	natural	optimal	principle	for	benefit	allocation	in	both	tiers	of	the	game.	
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1. Introduction	

In the two-star model, all players are divided into two coalitions, each coalitions has 𝑚 players. 
each player plays a different game with his neighbors than the others. The game is divided into 
two levels. External games at the first level and internal games at the second level[1, 2]. Internal 
games within any coalition are defined as second-level games, while inter-coalition games are 
defined as first-level games, referred to as level-II and level-I respectively. This paper examines 
two cooperation models, defines characteristic functions for each alliance under these models, 
and employs Shapley values to allocate benefits among coalitions and players[3]. 

2. The	Model	

In the dual-star network G, a nonzero-sum game Γ is defined where the network vertices are 
players and the edges represent connections between players. The game Γ consists of pairwise 
simultaneous bimatrix games ሼγ୧୨ሽ , where the games ሼγ୧୨ሽ are played between neighborsi, j ∈
N, i ് j. Let N be the set of players in the game and divide N into two coalitions Sଵ and Sଶ, where 
Sଵ ൌ ሼiଵ

ଵ, … , i୩
ଵ, … i୫

ଵ ሽ, Sଶ ൌ ሼiଵ
ଶ, … , i୩

ଶ, … i୫
ଶ ሽ, |Sଵ| ൒ 2, |Sଶ| ൒ 2. S୰ሺr ൌ 1,2ሻ means any coalition. 

The connections of the coalitions S୰ are shown in Figure 1, and each coalition can cut off the 
connections. The player i୫

୰  called the central player, when i୫
୰  is connected to all the players in 

the coalition S୰ and connected to players in other coalitions, such as player iଵ
ଵ. In any coalition, 

other players can only connect to the central player. 
 

 
Figure	1.	Double-star Model 
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Define N୧ ൌ ሼj ∈ N\ሼiሽ, ij ∈ Gሽ  as the set of neighbors of player i , where ij  represents the 
connection between player i and j. Assuming that the player i ∈ N and their neighbor j ∈ N୧ 
play a bimatrix game, the non-negative payoff matrices of plsyer i  and j  are A୧୨ ൌ

ሾα୶୷
୧୨ ሿ୶ୀଵ,…,୮;୷ୀଵ,…,୪ and B୧୨ ൌ ሾβ୶୷

୧୨ ሿ୶ୀଵ,…,୮;୷ୀଵ,…,୪[4, 5]respectively. 

Define ሾPሺi, jሻ, Lሺi, jሻሿ is the strategy profile of the player i and its neighbors j, where x ∈ Pሺi，jሻ 
and y ∈ Lሺi，jሻ are the strategies of the player i and j,  respectively. K୧୨ሺx, yሻ ൒ 0 is the total 
payoff of player i, j  in game γ୧୨ . The strategy profile of coalition Sଵ  is Pୗభ ∪ Lୗభ ൌ Pሺiଵ

ଵ, iଶ
ଵሻ ∪

Pሺiଵ
ଵ, iଷ

ଵሻ ∪ … ∪ Pሺiଵ
ଵ, i୫

ଵ ሻ ∪ Pሺiଵ
ଵ, iଶ

ଵሻ ∪ Lሺiଵ
ଵ, iଶ

ଵሻ ∪ Lሺiଵ
ଵ, iଷ

ଵሻ ∪ … ∪ Lሺiଵ
ଵ, i୫

ଵ ሻ , The strategy profile of 
coalition Sଶ  is Pୗమ ∪ Lୗమ ൌ Pሺiଵ

ଶ, iଶ
ଶሻ ∪ Pሺiଵ

ଶ, iଷ
ଶሻ ∪ … ∪ Pሺiଵ

ଶ, i୫
ଶ ሻ ∪ Lሺiଵ

ଶ, iଶ
ଶሻ ∪ Lሺiଵ

ଶ, iଷ
ଶሻ ∪ … ∪

Lሺiଵ
ଶ, i୫

ଶ ሻ ∪ Lሺiଵ
ଶ, iଵ

ଵሻ. The strategy of coalition Sଵ  and Sଶ  are respectively Xଵതതത ∈ Pୗభ ∪ Lୗభ、Xଶതതത ∈
Pୗమ ∪ Lୗమ, the payoff of coalition Sଵ and Sଶ are respectively Wୗభ

ሺXଵതതത, Xଶതതതሻ、Wୗమ
ሺXଵതതത, Xଶതതതሻ. 

3. Cooperation	in	the	Game	

This paper divides the game into two levels, and defines the game within any coalition S୰ as the 
second-level game and the game between coalitions Sଵ and Sଶ as the first-level game, referred 
to as level-II and level-I. In this section, we consider the cooperation of  palyer at level-II and 
level-I respectively, and consider two cooperation methods at level-II. 

3.1. Cooperation	at	level‐II	
When considering the first cooperative approach in level-II, for coalition 𝑀 ⊆ 𝑆௥ , 𝑉ሺ𝑀ሻ 
represents the maxmin value of the coalition 𝑀 and its complement 𝑆௥\𝑀 engaging in a two-
player zero-sum game. The function 𝑉ሺ𝑀ሻ is referred to as the characteristic function. Let the 
maxmin value of player 𝑖ሺ𝑗ሻ and its neighbor 𝑗ሺ𝑖ሻ in the game 𝛾௜௝ be 
 

൝
𝜔௜௝ ൌ 𝑚𝑎𝑥௫𝑚𝑖𝑛௬𝛼௫௬

௜௝ , 𝑥 ൌ 1, … , 𝑝; 𝑦 ൌ 1, … , 𝑙

𝜔௝௜ ൌ 𝑚𝑎𝑥௬𝑚𝑖𝑛௫𝛽௫௬
௜௝ , 𝑥 ൌ 1, … , 𝑝; 𝑦 ൌ 1, … , 𝑙

.                                       (1) 

 

The characteristic function of each coalition 𝑀 ⊆ 𝑆௥ is, 

 

𝑉ሺ𝑀ሻ ൌ

⎩
⎪
⎨

⎪
⎧

ଵ

ଶ
∑ ∑ 𝑚𝑎𝑥௫௬൫𝛼௫௬

௜௝ ൅ 𝛽௫௬
௜௝  ൯௝∈ே೔∩ௌೝ௜∈ௌೝ

,                              𝑀 ൌ 𝑆௥

ଵ

ଶ
∑ ∑ 𝑚𝑎𝑥௫,௬൫𝛼௫௬

௜௝ ൅ 𝛽௫௬
௜௝  ൯ ൅௝∈ே೔∩ெ௜∈ெ ∑ ∑ 𝜔௜௞௞∈ே೔\ெ௜∈ெ  , 𝑀 ⊂ 𝑆௥

∑ 𝜔௜௝ ௝∈ே೔
,                                                                           𝑀 ൌ ሼ𝑖ሽ

0,                                                                                    𝑀 ൌ ∅

.            (2) 

 
Assuming player 𝑖  and neighbor 𝑗j choose strategies 𝑥̅  and 𝑦ത respectively to maximize their 
joint payoff in game 𝛾௜௝ , where 𝐾௜௝ሺ𝑥̅, 𝑦തሻ ൌ 𝑚𝑎𝑥௫௬𝐾௜௝ሺ𝑥, 𝑦ሻ. Consider the second cooperative 
method at level-II, where 𝑉ሺ𝑀ሻ is defined as the product of payments and 𝜂ሺ𝜂 ∈ ሺ0,1ሻሻ under 
the strategy that maximizes their joint payment, and 𝑉ሺ𝑀ሻ is called the characteristic function. 
Let the value of player 𝑖ሺ𝑗ሻ and its neighbor 𝑗ሺ𝑖 in the game 𝛾௜௝ be, 

 

൝
𝜃௜௝ ൌ 𝛼௫௬തതതത

௜௝  ,

𝜃௝௜ ൌ 𝛽௫௬തതതത
௜௝  .

                                                                       (3) 
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The characteristic function of each coalition 𝑀 ⊆ 𝑆௥ is, 
 

𝑉ሺ𝑀ሻ ൌ

⎩
⎪
⎨

⎪
⎧

ଵ

ଶ
∑ ∑ 𝑚𝑎𝑥௫௬൫𝛼௫௬

௜௝ ൅ 𝛽௫௬
௜௝  ൯௝∈ே೔∩ௌೝ௜∈ௌೝ

,                                 𝑀 ൌ 𝑆௥

ଵ

ଶ
∑ ∑ 𝑚𝑎𝑥௫,௬൫𝛼௫௬

௜௝ ൅ 𝛽௫௬
௜௝  ൯ ൅௝∈ே೔∩ெ௜∈ெ 𝜂 ∑ ∑ 𝜃௜௞௞∈ே೔\ெ௜∈ெ , 𝑀 ⊂ 𝑆௥

𝜂 ∑ 𝜃௜௝ ௝∈ே೔
,                                                                            𝑀 ൌ ሼ𝑖ሽ

0,                                                                                         𝑀 ൌ ∅

.                 (4) 

 

3.2. Cooperation	at	level‐I	
coalition 𝑆ଵ  and neighbor 𝑆ଶ  in level-I play the bimatrix game 𝛾ௌభௌమ

. In this game, only two 
players 𝑆ଵ and 𝑆ଶ are considered. For level-I, only one cooperation method is considered, the 
characteristic function 𝑉ሺ𝑁ሻ, 𝑁 ൌ ሼ𝑆ଵ, 𝑆ଵሽ as shown in the formula. 
 

𝑉ሺ𝑁ሻ ൌ ଵ

ଶ
∑ ∑ 𝑚𝑎𝑥௫,௬൫𝛼௫௬

௜௝ ൅ 𝛽௫௬
௜௝  ൯௝∈ே೔௜∈ெ .                                             (5) 

 

4. The	Shapley	value	

In this section, consider using Shapley value to assign payoff to the players at level-II and level-
I respectively. 

4.1. The	Shapley	value	of	level‐I	
For level-I ሺN ൌ ሼSଵ, Sଶሽሻ, only one cooperation method is considered, and the Shapley value is 
represented by Sh ൌ ሾShୗభ

, Shୗమ
ሿ. For any coalition S୰, the Shapley value can be expressed as, 

 

𝑆ℎௌೝ
ൌ ∑ 𝑚𝑎𝑥௫,௬ ቀ𝛼௫௬

௜భ
ೝ௝ ൅ 𝛽௫௬

௜భ
ೝ௝ ቁ ൅௜೘

ೝ

௝ୀ௜మ
ೝ

ଵ

ଶ
𝑚𝑎𝑥௫௬ ቀ𝛼௫௬

௜భ
భ௜భ

మ
൅ 𝛽௫௬

௜భ
భ௜భ

మ
 ቁ.                            (6) 

 

4.2. The	Shapley	value	of	level‐II	
For level-II, when only the coalitione 𝑆௥ is considered, the Shapley value of the player 𝑖௞

௥ in the 
game is 𝑆ℎ௜ೖ

ೝ and defined the payoff of any player 𝑖௞
௥ ∈ 𝑆௥ is 𝑆ℎ௜ೖ

ೝ. 

In the first cooperation method, when the player 𝑗 is the neighbor of player 𝑖௞
௥, the Shapley value 

𝑆ℎ௜ೖ
ೝ of the player 𝑖௞

௥ can be, 

 

ቐ
𝑆ℎ௜ೖ

ೝ ൌ ଵ

ଶ
ሾ𝑉ሺ𝑖ଵ

௥ሻ ൅ ∑ ሺ௝ஷ௜భ
ೝ 𝑚𝑎𝑥௫௬ ቀ𝛼௫௬

௜భ
ೝ௝ ൅ 𝛽௫௬

௜భ
ೝ௝ ቁ െ 𝑉ሺ𝑗ሻሻሿ, 𝑘 ൌ 1,

𝑆ℎ௜ೖ
ೝ ൌ ଵ

ଶ
ቂ𝑚𝑎𝑥௫௬ ቀ𝛼௫௬

௜భ
ೝ௜ೖ

ೝ

൅ 𝛽௫௬
௜భ

ೝ௜ೖ
ೝ

 ቁ ൅ 𝑉ሺ𝑖௞
௥ሻ െ 𝜔௜భ

ೝ௜ೖ
ೝ ቃ , 𝑘 ് 1.

.                         (7) 

 
In the second cooperation method, when the player 𝑗 is the neighbor of player 𝑖௞

௥, the Shapley 
value 𝑆ℎ௜ೖ

ೝ of the player 𝑖௞
௥ can be, 

 

ቐ
𝑆ℎ௜ೖ

ೝ ൌ ଵ

ଶ
ሾ𝑉ሺ𝑖ଵ

௥ሻ ൅ ∑ ሺ௝ஷ௜భ
ೝ 𝑚𝑎𝑥௫௬ ቀ𝛼௫௬

௜భ
ೝ௝ ൅ 𝛽௫௬

௜భ
ೝ௝ ቁ െ 𝑉ሺ𝑗ሻሻሿ, 𝑘 ൌ 1,

𝑆ℎ௜ೖ
ೝ ൌ ଵ

ଶ
ቂ𝑚𝑎𝑥௫௬ ቀ𝛼௫௬

௜భ
ೝ௜ೖ

ೝ

൅ 𝛽௫௬
௜భ

ೝ௜ೖ
ೝ

 ቁ ൅ 𝑉ሺ𝑖௞
௥ሻ െ 𝜂𝜃௜భ

ೝ௜ೖ
ೝ ቃ , 𝑘 ് 1.

.                          (8) 
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5. Example	

Consider the following case, when the 𝑚 players in coalition 𝑆ଵ play a Prisoner's Dilemma game 
with their neighbors, for all players 𝑖 ∈ 𝑆ଵ, 𝑗 ∈ 𝑁௜, 𝐴௜௝ ൌ 𝐴, 𝐵௜௝ ൌ 𝐵 . when the 𝑚  players in 
coalition 𝑆ଶ play a Battle of the Sexes game with their neighbors, for all players 𝑖 ∈ 𝑆ଶ, 𝑗 ∈ 𝑁௜ ∩
𝑆ଶ，𝐴௜௝ ൌ 𝐶, 𝐵௜௝ ൌ 𝐷. (only consider the second method of cooperation) 

𝐴 ൌ 𝐵் ൌ ൬
𝑏

𝑎 ൅ 𝑏
 
0
𝑎

൰ ,    0 ൏ 𝑎 ൏ 𝑏.	

𝐶 ൌ ൬
𝑑
0

 
0
𝑐

൰ , 𝐷 ൌ ൬
𝑐
0

 
0
𝑑

൰ , 0 ൏ 𝑐 ൏ 𝑑.	

In the second cooperative method, in order to obtain the Shapley value, the characteristic 
function 𝑉ሺ𝑀ሻ of 𝑀 ⊆ 𝑆ଵ and 𝑀 ⊆ 𝑆ଶ is first determined respectively. 
 𝑀 ⊆ 𝑆ଵ 

 

𝑉ሺ𝑀ሻ ൌ

⎩
⎨

⎧
2𝑏ሺ𝑚 െ 1ሻ,                                                      𝑀 ൌ 𝑆ଵ

2𝑏ሺ|𝑀| െ 1ሻ ൅ 𝜂𝑏ሺ𝑚 െ |𝑀| െ 1ሻ, 𝑀 ⊂ 𝑆ଵ, 𝑖ଵ
ଵ ∈ 𝑀,

𝜂|𝑀|𝑏,                                                 𝑀 ⊂ 𝑆ଵ, 𝑖ଵ
ଵ ∉ 𝑀,

0,                                                                       𝑀 ൌ ∅.

                            (9) 

 
 𝑀 ⊆ 𝑆ଶ 

 

𝑉ሺ𝑀ሻ ൌ

⎩
⎨

⎧
ሺ𝑑 ൅ 𝑐ሻሺ𝑚 െ 1ሻ,                                                         𝑀 ൌ 𝑆ଶ,

ሺ𝑑 ൅ 𝑐ሻሺ|𝑀| െ 1ሻ ൅ 𝜂𝑑ሺ𝑚 െ |𝑀|ሻ ൅ 𝜂𝑏, 𝑀 ⊂ 𝑆ଶ, 𝑖ଵ
ଵ ∈ 𝑀,

𝜂|𝑀|𝑐,                                                            𝑀 ⊂ 𝑆ଶ, 𝑖ଵ
ଵ ∈ 𝑀,

0,                                                                                    𝑀 ൌ ∅.

                        (10) 

 
The coalition 𝑁 ൌ ሼ𝑆ଵ, 𝑆ଶሽ characteristic function 𝑉ሺ𝑁ሻ is, 

 

𝑉ሺ𝑁ሻ ൌ 2𝑏ሺ𝑚 െ 1ሻ ൅ ሺ𝑑 ൅ 𝑐ሻሺ𝑚 െ 1ሻ ൅ 2𝑏 ൌ 2𝑏𝑚 ൅ ሺ𝑑 ൅ 𝑐ሻሺ𝑚 െ 1ሻ.                 (11) 
 

the Shapley values 𝑆ℎௌభ
、𝑆ℎௌమ

、 𝑆ℎ௝  of the coalition 𝑆ଵ, 𝑆ଶ  and players 𝑗  in the game are  
respectively as, 

 

𝑆ℎௌభ
ൌ 2𝑏ሺ𝑚 െ 1ሻ ൅ ଶ௕

ଶ
ൌ 𝑏ሺ2𝑚 െ 1ሻ.                                             (12) 

 

𝑆ℎௌమ
ൌ ሺ𝑑 ൅ 𝑐ሻሺ𝑚 െ 1ሻ ൅ ଶ௕

ଶ
ൌ ሺ𝑑 ൅ 𝑐ሻሺ𝑚 െ 1ሻ ൅ 𝑏.                                   (13) 

 

𝑆ℎ௝ ቊ
ሺ𝑚 െ 1ሻ𝑏 ൅ ଵ

ଶ
𝜂𝑏, 𝑗 ൌ 𝑖ଵ

ଵ,

𝑏,             𝑗 ∈ 𝑆ଵ, 𝑗 ് 𝑖ଵ
ଵ.

                                                      (14) 
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𝑆ℎ௝ ቐ

ଵ

ଶ
ሾሺ𝑚 െ 1ሻሺ𝜂𝑑 െ 𝜂𝑐 ൅ 𝑑 ൅ 𝑐ሻ ൅ 𝜂𝑏ሿ, 𝑗 ൌ 𝑖ଵ

ଶ,
ଵ

ଶ
ሾሺ𝑑 ൅ 𝑐ሻ ൅ 𝜂ሺ𝑐 െ 𝑑ሻሿ,            𝑗 ∈ 𝑆ଶ, 𝑗 ് 𝑖ଵ

ଶ.
                                        (15) 

6. Summary	

This study investigates unique pairwise interaction between players, employing a double-star 
network model to represent their connections. Building upon this framework, we develop 
characteristic functions and establish a simplified Shpley value specifically tailored for the 
double-star model, thereby streamlining the benefit-sharing process between alliances and 
strategic agents. 
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